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Abstract. The expected value for the weighted crossing number of a randomly weighted 
graph is studied. A variation of the Crossing Lemma for expectations is proved. We focus 
on the case where the edge-weights are independent random variables that are uniformly 
distributed on [0,1]. 

1. Introduction 

The crossing number of a graph is the minimum number of internal intersections of edges in a 
drawing of the graph on the plane. Computing the crossing number, even for complete graphs, 
is a surprisingly challenging problem and an active area of research |RS09t ISSV95I IVrtlOj . 

The notion of the weighted crossing number, when the edges have weights and each crossing 
counts as the product of the corresponding weights, has been used in various situations, since it 
mimics the possibility of having many edges in parallel. In this paper we study the expected 
value of the weighted crossing number of the complete graph K n on n vertices, where the 
weights of edges are independent random variables. We consider first the situation where the 
weights are i.i.d. variables with the uniform distribution on [0,1]. The first non-trivial case 
is K 5 ; we show through an involved calculation that the expected value is ^g^o • We then 
briefly consider a simple discrete distribution where the edges have value either t or u, each 
with probability ~, and conclude that the expected crossing number is not controlled by the 
first two moments of the distribution on the edges. Finally, we show that the expected crossing 
number of K n retains the G(n 4 ) asymptotics of the usual crossing number cr(K n ) of complete 
graphs. This is proved by using a similar recurrence as used for the usual crossing number 
of complete graphs and, alternatively, by proving and applying a variation of the Crossing 
Lemma for expectations. 

2. Preliminaries 

Given a graph G = (V,E), we denote its crossing number by cr(C7). This is the minimum 
over all drawings of 67 in the Euclidean plane R 2 of the number of crossings of edges in the 
drawing. All drawings are assumed to have simple polygonal arcs representing the edges of 
the graph, and it is assumed that each pair of edges involves at most one intersection of 
their representing arcs. Here and in the remainder of the paper, we consider only internal 
intersections of edges. Formally, a crossing in a drawing T> is an unordered pair {e, /} of edges 
whose arcs in T> intersect each other internally. We let X(X>) denote the set of all crossings 
and set cr(X>) = |X(X>)|. 

Given non-negative weights w : E — > R + on the edges of 67, we define the crossing weight 
of a drawing D of G as: 

cr(V,w) = ^2 w ( e ) w (f)- 

{e,/}eJ 
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We define the weighted crossing number of a weighted graph G as: 

cr(G, w) = min cr(X>, w). (1) 

For a fixed graph, the function cr(G, •) is also called the crossing function for G. We take the 
domain of cr(G, •) to be R^. We remark that cr(G, 0) = 0, cr(G, w) > and cr(G, •) = if and 
only if cr(G) = 0. The function cr(G, •) is piecewise quadratic in w, and the chambers defined 
by these pieces correspond to (groups of) optimal drawings for the contained weightings; the 
forms in the chambers are neither convex nor concave. If 1 G is the constant all-1 function, 
then cr(G) = cr(G,l). 

The crossing function of any n- vertex graph is just a specialization of the crossing function 
ci(K n , w) of the complete graph K n , where we put weight for the non-edges in the graph. 
In this sense the crossing functions of complete graphs contain information about crossing 
numbers of all graphs. This universality property was the main goal to introduce this notion 
in [Moh08l IMohlOj and to propose its study. 



Note that we allow the edges to be represented by any (polygonal) line, they need not be 
straight lines. The related question of rectilinear crossing numbers is also interesting and 
well-studied. While rectilinear crossing number is in some cases larger than the usual crossing 
number |Guy7 2|, they do not differ in the computations performed in this paper. As in the 
unweighted case, minimal drawings can be obtained without using double crossings (pairs of 
edges that cross more than once). 

3. Computation of the expected crossing number 

We begin by considering the expected crossing number of the complete graph K n for some 
small values of n. We take the weights on the edges to be independently identically distributed 
random variables, with uniform distributions on the interval [0, 1]. Let us denote the expected 
value of cr(K n ,w) under this distribution as Eu(ra). 

For n < 4, the graph can be drawn without crossings, so Eu(n) = = cr(K n ). For n > 5, 
we have < Eu(n) < cr(K n ). In this section, we compute Eu(5) directly from the definition 
of expectation. Our somewhat cumbersome case analysis can also be viewed as determination 
of the piecewise quadratic chambers for the crossing function of K 5 . 

We will number the edges of K5 as in Figure HJ 




Figure 1 . Edge labelling of K 5 



We will denote the random weight assigned to the ith edge by Xj, i — 1, . . . , 10. We note 
that cr(K 5 ) = 1 and by symmetry, for any two non-adjacent edges, K 5 can be drawn so that 
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those two edges are the single pair of crossing edges. Hence: 

Eu(5) = E[min(X 1 X 8 , X 1 X 9 , X 1 X 10 , X 2 X 5 , X 2 X 6 , X 2 X 9 , X 3 X 5 , X 3 X 7 , 

X 3 X 8 , X 4 X 6 , X 4 X 8 , X 4 X 10 , X 5 X 10 , X 6 X 8 , X7X9)] 

We abbreviate the quantity inside the expectation as m(X). 

This is a problem in order statistics, see for instance |DN03j . The direct way to obtain 
Eu(5) is to evaluate: 



/ / . . . / m(x)dxi . . . dxgdxio 
Jo Jo Jo 



(2) 



where m(x) is the function of x G R 10 corresponding to the random variables of m(X). To do 
this we break ([2]) into 10! terms based on the increasing order of the variables, i.e. we compute 
(O via the sum: 



/ / / •••/ m(x)dx (J (i) . . .dx (T ( 9 )dx (T (io) (3) 
Jo Jo Jo Jo 



Here the permutations o G Sxq index the possible orderings of the random variables X. This 
sum has 10! terms, but they can be grouped into a manageable number of cases. To begin, 
we note that by reordering the vertices, we can assume that X x takes the smallest value, and, 
using the labelling of Figure [U X 2 < X 3 , X 4 , X 5 , X 6 , X 7 and X 3 < X 4 . This corresponds to 
a labelling of K5 based on X, breaking ties arbitrarily. Actually, we may assume that the 
weights Xj, 1 < % < 10, are pairwise different, since the set on which an equality occurs is of 
measure zero. Thus, each case with the above assumptions corresponds to 120 terms in ([3]). 

With these assumptions, the minimum of the 15 pairs of random variables in m(X) must 
be attained at one of XjXg, XjXg, XxX 10 , X 2 X 5 , X 2 X 6 , X 3 X 7 since XxXg < X 2 Xg,X 7 Xg; 
X 2 Xs < X 3 Xs; et cetera. We note that these six terms are symmetric in the variables 
X 8 ,X 9 ,Xio, and also in X 5 ,X 6 . Thus we will also take X 8 = min(X 8 , X 9 , Xi ) and X 5 = 
min(X5, X@), and treat the remaining cases by symmetry. Combined with our assumptions on 
X 4 , X 2 and X 3 we break the 10! terms of ([3]) into groups of 720 terms based on symmetry; this 
leaves us with 5040 terms up to these symmetries. It also allows us to simplify our integrand 
further to min(X 1 X 8 , X 2 X 5 , X 3 X 7 ). 

We now divide into cases based on the relative orderings of some of the remaining variables. 
We remark that, depending on the order of the variables, the integrand may simplify further 
- for instance if the two smallest variables are Xx and X 8 , the minimum of the three terms 
will always be X;lX 8 . We organize the cases by how the integrand simplifies. 

Case 1 : Orderings which ensure X 4 X 8 = min(XiX 8 , X 2 Xs, X 3 X 7 ). 

In these cases, the computation is relatively simple: the integral depends only on which 
position X 8 occupies in the order of the Xj's. It can be anywhere from the second to fifth 
smallest. Suppose it is the second smallest, i.e. that the order of the variables is: 

Xi < X 8 < Xj 3 < Xj 4 < Xj 5 < Xj 6 < Xj 7 < X ig < Xj 9 < x il0 . 

Then we compute: 

Xi^sdxidxsdxjg . . . dxi g dxi 9 dxi 10 
^dssda;^ . . . dx is dx i9 dx il0 



*/o 
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JO 



— — dxj 3 . . . dxj g cLcjgCLcj 10 



T 11 3 

dx- - — 

UJ, 110 



2-4-5-6-7-8-9-10-11 iU 12! 

A similar calculation shows that if X 8 is i th smallest variable, the integral for a fixed ordering 
of the remaining variables will be ^f. 

Now observe that there are |j = 1680 ways of ordering the variables with Xi as the smallest 
variable, X 8 as the second smallest, X 2 < X 3 , X 4 , X 5 , X 6 , X 7 , X 3 < X 4 , and X 5 < X 6 . We 
remark that our symmetry assumptions guarantee that either X 2 or X 8 is the second smallest 
variable, so in the remainder of the analysis X 2 will always be the second smallest variable. 

Thus if Xg is the third smallest variable, we have fixed the order of the first 3 variables, 
and the remaining variables can be ordered in 7!/4 = 1260 ways, accounting for the facts that 
X 3 < X 4 and X 5 < X 6 . 

If X§ is the fourth smallest variable, we have two possible choices for the third smallest: X 3 
and X7. In the former case we have 6!/2 = 360 possible ordering of the remaining variables 
(accounting for X 5 < X 6 ), while for the latter case we have 6!/4 = 180 possible orderings. 

Finally, under the assumptions of Case 1, X 8 can be the fifth smallest variable only if 
the third and fourth variables are X 3 and X 4 , respectively. There are 5!/2 orderings of the 
remaining variables compatible with this. We remark that in this case, we can never have 
X5 < X 8 , or X 3 , X7 < X§ since then it may be the case that XiXg is not minimal, depending 
on the values chosen. 

This already covers the majority of the cases, 3540 of the 5040. Thus the terms in ([3]) 
corresponding to these orderings of the variables have total weight per symmetry class of: 

1680- A + 1260- JL + 540-^ + 60.1- = !^. 
12! 12! 12! 12! 12! 

Case 2 : Orderings which ensure min(X 1 X 8 , X 2 X 5 , X 3 X 7 ) is either XxXg or X 2 X 5 . 

In these cases, X 2 and X5 are between Xi and Xg. However, X 3 and X7 are not both 
between X 2 and X5. The integrand will be m(X) = min(XiX 8 , X 2 Xs), and the two smallest 
variables are Xi and X 2 . We break into subcases based on the positions of X 5 and X 8 . Only 
the simplest case is described in detail. 

Subcase 2i : The four smallest variables are X!,X 2 ,X 5 and Xg. Then we need to evaluate: 

min(xiX 8 ,a; 2 X5)da;ida; 2 da;5da;gdxj 5 . . . dx i9 dx il0 



jo jo Jo Jo Jo Jo 

ho 



xg rxs ■■ — — 



XiX 8 dxidx 2 dx5dx 8 dxi r . . . d 



<9 U *«10 

Jo Jo Jo Jo Jo 

1 r Xi io r Xi e r Xi 5 r xs r Xs r X2 
+ 11 ■ ■ ■ I I I I / x 2 x 5 dxida; 2 da;5dx 8 dxi 5 . . . dx ig dx ho 



JO 



X 2 X 5 2 x 2 Uj 5 



JO 



+ x 2 x 5 dx 2 dx 5 dx 8 da;j 5 . . . dx iq dx. 

2x 8 x 8 J 

/ Xs fx 4 X 5 \ 
{ y - -^r) dx 5 dx 8 dxi 5 . . . dx i9 dx ho 
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/r>5 5 

15 ~ 36 ' dxsdXi5 ■ ■ ■ dx i9 dx ho 



r 1 r x ho f x ^ 7xf , f 1 7 ■ 5! x}] 14 

= Jo Jo "Jo 180 dXl5 ■ • • dXi * dXh0 = 1 T8b~ll! dXtw = 3~12! • 

The number of orderings of the variables in Subcase 2i up to symmetries is ^ = 360, since we 
require X 3 < X 4 . 

The integrals in the remaining cases are essentially similar, so we will simply list the initial 
sequence of integrands and then compute the number of orderings of the variables correspond- 
ing to each case. 

Subcase 2ii : The five smallest variables are Xi,X 2 ,X 5 ,Xj and X 8 . This produces the 
following integrands: 

™2™2 „4 „5 rJ> rfA ™6 rr.7 £ I Qj? 

mm{x 1 x s ,x 2 x 5 ),x 2 x 5 ^ , g ^ 36xg > 140 > 140 . ? > • • • 140 . n , > ? . 12 , ■ 

There are three possibilities for j: 3, 6 and 7. When j = 3 we have 5! cases, and when j = 6 
or j = 7 we have |r cases as we need to account for the fact that X3 < X4 in the remaining 
variables. This is the total of 240 orderings. 

Subcase 2iii : The six smallest variables are X 1; X 2 , X 5 , Xj, X fc and X 8 . The integrands 

X 5 X 6 X 6 X 7 

remain as in the previous case up to — The next integrands will be — 36 .y and 

j.I^Iq , the remaining simple integrations give ^jy- 

There are seven possibilities for (j, k) in this case: (3, 4), (3, 6), (3, 7), (6, 3), (7, 3), (6, 7) and 
(7,6). The first five of these are each associated to 4! orderings of the remaining variables, 
while the last two are each associated to ^. This is a total of 144 orderings. 

Subcase 2iv : The seven smallest variables are Xi, X 2 , X 5 , X^, X&, X; and X 8 . We proceed 

xf lii 13x1 r\ x ■ 1 

from the integrand 7^ — „„ | to — ^-L — , and then to = „ n * . Continuing to the end, 

9U db-ixg 7-9U i-o-ioxg 1 Y-s-y-lsU ° 

the integral is 

There are twelve possibilities for (j, k, I) arising from choosing three of 3, 4, 6, 7 and requiring 
4 to be preceded by 3. Each of these has 3! orderings of the remaining 3 variables, for a total 
of 72 orderings. 

Subcase 2v : The eight smallest variables are X 1? X 2 , X 5 , X 3 -, X fe , X;, X m and X 8 . We 
proceed from the integrand ^ - 7 . 8 % Xs to - 7 . 8 ^ m mx& and then to 7 . 8 .q 8 120 . Continuing 
to the end, the integral is 

Again there are 12 possibilities, as (j, k, I, m) are chosen from 3, 4, 6, 7 with 3 preceding 4. 
There are 2 ways of arranging the remaining two variables, for a total of 24 orderings. 

Subcase 2vi : The five smallest variables are X 1; X 2 , X^, X 5 and X 8 . The sequence of 
integrands that we see is then: 

/ \ o XoXcr ^1^5 x^ Xo 6!x ? ' in 40 

min xiig, x 2 x 5 ): xix 5 — ; — — ; — — ; — ; — ; . . . r . 

v 1 8 ' 2 5; ' 2 5 2x 8 ' 3 6x 8 ' 12 24x 8 ' 126' 126-7' 126 • 11! ' 7 • 12! 

In this case, j must be either 3 or 7. If it is 3, there are 5! ways of ordering the remaining 
variables, and if it is 7 there are ^ ways of ordering the remaining variables, for a total of 180 
orderings. 
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Subcase 2vii : The six smallest variables are Xi, X2, Xj, X5, X& and Xg. We then see the 
same integrands through || — -gj- followed by || — 7 ^ x , — 7 ,g 8 24 ■ Following the 



remaining routine integrations, we get 2 '' 



7-24x 8 ' 

4-12! ' 

The possibilities for (j, k) are similar to those of Subcase 2iii, but 6 cannot be used in the 
first position. This leaves (3, 4), (3, 6), (3, 7), (7, 3) and (7, 6). The first four cases correspond 
to 4! orderings of the remaining variables, while (7, 6) corresponds to | as 3 must precede 4. 
This gives a total of 108 orderings. 

Subcase 2viii : The seven smallest variables are X 1; X 2 , X^, X 5 , X fc , X; and X 8 . We proceed 

as in the previous subcase through || — 7 ,^. , then to — 7^4^, and — 7. 8*9- 24 • ^ ne 
remaining integrations bring us to . 

In this subcase we have (j,k,l) chosen from 3,4,6,7 with the conditions that 4 must be 
preceded by 3, and 6 may not appear in the first position. This second condition removes 3 of 
the 12 orderings as compared to Subcase 2iv, leaving us with 9. There are always 3! orderings 
of the remaining variables, giving a total of 54 orderings for this case. 

Subcase 2ix : The eight smallest variables are X x , X 2 , Xj, X 5 , X fe , X;, X m and X 8 . We 
proceed as in the previous subcase through — y^ax^- ^ ne nex ^ integrand is 
7*72 - 7-8-9^8 > followed by 2 ,,' u :j, s ,„. and eventually ^. 

There are 9 possible choices for (j, k, I, m) since we have the same conditions as in the 
previous subcase, with the remaining number assigned to m. There are two orders for the 
remaining two variables, giving a total of 18 orderings. 

Subcase 2x : The six smallest variables are X 1; X 2 , Xj, X&, X 5 and X 8 . We proceed as in the 

X"^ XS x'r 

previous subcase through the integrand ^ Continuing, we see integrands 

4 4 2 6 7 7 7 

"12 24^"' 60 _ 120S8' an<1 7^ ~ 16^60 011 OUr Wa ^ t0 442! • 

In fact this case requires j = 3 and k = 4, since we can't have either X 6 or both of X 3 and 
X7 precede X5. There are 4! = 24 ways of ordering the remaining variables. 

Subcase 2xi : The seven smallest variables are Xi, X 2 , X3, X4, X5, X^ and Xg. This matches 
the previous subcase through |j| — 12 q 5 ; the next two integrands are — g.-^Q an d 

7^50 — a¥i20" Continuing we arrive at 3^7. 

We must have I — 6 or I = 7. There are 3! ways of ordering the remaining variables for a 
total of 12 orderings. 

Subcase 2xii : The eight smallest variables are X 1; X 2 , X 3 , X 4 , X 5 , X;, X m and Xg. This 

X X^ x^ x^ 

matches the previous subcase through — 8 . 12 ' • Next we have j^so ~ 8-9- 12018 ' anc ^ 
T^feo ~ 8-9-10-120 - Continuing we arrive at 

We must have (/, m) equal to (6, 7) or (7, 6), and there are 2 ways of ordering the remaining 
2 variables, for a total of 4 orderings. 

This completes Case 2, which contains 1240 possible orderings up to the symmetries. The 
terms in ([3]) corresponding to these orderings of the variables have total weight per symmetry 
classof: 360-^ + ...+4-^ = fff. 

Case 3 : Orderings which ensure mh^XxXg, X 2 X 5 , X 3 X 7 ) is either XxXg or X 3 X 7 . 

Since X 2 is the second smallest variable, these will occur only when X 3 , X 7 < X 8 , but 
Xg < X 5 . Only the simplest case is described in detail. 
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Subcase 3i : The five smallest variables are Xi, X2, X3, X7 and Xg or Xi, X2, X7, X3 and Xg. 
We proceed to evaluate: 

" 1 r x *-\n r x ^ r x » r x f r x 'i r x ^ 



r 1 r Xi w r Xi e r Xs r Xi r X3 r X2 

II ... I I I I I min(xiXg, x 3 x 7 )dxidx 2 da;3da; 7 dx 8 . . . dxjgdxj 
Jo Jo Jo Jo Jo Jo Jo 



The inner integral is piecewise linear in xi, with a single break point at xi — however 
2^ may or may not be greater than x 2 . We decompose the inner integral as: 

. / XOX*7 * 

mm(x2,-^ x ) fX2 



X]XgdXi + / x 3 x 7 dxi 



Jmm(x 2 ,-^ L ) 

Evaluating this integral leaves us with the new inner integral: 

1 X3X7 2 . £3X7 

- mm(x 2 , ) Xg + x 2 x^Xj — min(x 2 , JX3X7 ] dx 2 

\2 Xg Xg 

This again needs to be split, this time with breakpoint at x 2 = 

IP ( x\x% \ , f X3 fxlxl x\xV . , 

+ 3^X3X7 - X2X3X7 dx 2 + / — h x 2 x 3 x 7 dx 2 

2x s ' x 8 

Happily, we see some cancelation of terms, both before evaluating the integral and after. This 
yields: 

3 3 3 ^ o\ 

10 \ ® x l 2 2x 8 / 3 
We proceed through the following integrands: 

rftJ ,->-» 5 fy»6 i i , >i 6 "i ci. c 



24x^ 8 8x 8 1344 28 • 12! 

Accounting for the fact that X5 < Xg, there are y orderings of the remaining variables. 
With the two orderings of X3 and X7 (which do not affect the computation of the integral), 
we have the total of 120 orderings corresponding to this subcase. 

Subcase 3ii : The six smallest variables are Xi, X 2 , X3, X7, X4 and Xg, with X3 and X7 
possibly switched. 

The integrands then remain identical through ^3 + ^ — ^ • These are followed by s ,^ x -2 + 

ft — 7lkcl an< ^ 7k>' Subsequent integrations yield There are y orderings of the remaining 
variables, and X 3 and X 7 can be switched, giving a total of 24 orderings. 

Subcase 3iii: The six smallest variables are X^, X^ 2 , X^3, X^4, X^7 and Xg. 

The integrands are identical to Subcase 3i until ^ L + ^p- — We proceed to: 



X4X7 



4^,3 t»4„ 4 2 8 ™6 Jl QQ™7 CQ 

4 7 Jb^Jb*j Jb*j J>y JU*J OtJJ/g OO 



+ ^--^] 77777^ + 777 



24x2 8 8x 8 ' 120x2 ' 40 40x 8 ' 60480' "' 12-12! 

There are y = 12 orderings of the remaining variables. 

This completes Case 3, which comprises 156 orderings of the variables. The terms in ([3]) 
corresponding to these orderings of the variables have total weight per symmetry class of 1^, . 

Case 4 : Orderings in which min(X 1 X 8 , X 2 X 5 , X 3 X 7 ) can be attained at all 3 terms. 
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This comprises a small number of orderings that feature a messy inner integral. We note 
that in all these cases the two smallest variables are X x and X 2 , while the third smallest 
variable is either X 3 or X 7 . Our integrand is symmetric in X 3 and X 7 , so we will do the 
computation only with X3 as the smaller of the two variables. We will proceed to evaluate 
the three innermost integrals before breaking into subcases, assuming that the fourth smallest 
variable is X,: 



X3 



x 2 



min(xix 8 , x 2 X5, x 3 x 7 )dxidx 2 dx 3 



Jo Jo 

mi n ( x 2 x 5 , x 3 x <j ) 



xix 8 dxi 



min(a;2 3:5, 3:33:7) 



min(x 2 x 5 , x 3 x 7 )dx!dx 2 dx 3 



%3 



^ min(x 2 x 5 , x 3 x 7 ) 



+ x 2 min(x 2 x 5 ,x 3 x 7 ) 



min(x 2 x 5 ,x 3 x 7 ) 



2x 8 ~ x 8 

. min(x 2 x 5 ,x 3 x 7 ) 2 
x 2 mm(x 2 x 5 ,x 3 x 7i ) ) dx 2 dx 3 



dx 2 dx 3 



Jo 

X 3 X 7 



2a* 



x 2 x 5 



2 2 

X 2 X 5 

2x 8 



dx 2 dx 3 



PX3 / 
I X 3 X 7 \ 



rp 2 ,-yj 2 

Jb 2 Jb y 



X2X3X7 - n 



-f 

Jo 



3 ™3 ~, ~, 3 ~,3 ~,2 ^,3 ™ ™3 ~,2 ~,3 ~,3 ~,3 ~,3 
u^^^y^o x g 7-x g x g J,. 7 u^u^y ju^ju'j jur^ju'j 

3xf 6x3X5 2 2x 8 



2x1 + 2x S x 5 



dx 2 dx 3 
dx 3 



Jo 



Xt_ 

2 



2Cj 

2x~* 



6x1 



+ 



X 7 



3x 8 x 5 ^ 



dx 3 



4 



X7 
2 



2x~* 



6x1 



+ 



3x 8 x 5 



We now proceed to the subcases which are based on the ordering of the remaining variables. 
Subcase 4i : The six smallest variables are X 1; X 2 , X 3 , X 7 , X 5 and X 8 . Then X^ = X 7 and 



we need to evaluate: 





1 

32 



Jo 



X8 



X 



.X 7 



'0 Jo 



1 



768 



Jo 



X 1 . 



" 1 's 



5X 8 

^8 



24x1 



dx 7 dx 5 dx 8 dx ir dx is dx i9 dx 







xt 



5x 7 5 



2 21x, 
Xgdx 8 dxj 7 dxj„dxj g dxj 10 = 



12x 8 x 5/ 

dx 5 dx 8 dx i? dx i8 dx ig dx il0 
7! 105 



no 



768 • 12! 16 • 12! 



As noted previously, there is a second ordering corresponding to this subcase, in which 
X 3 and X 7 are reversed, and there are 4! orderings of the remaining variables, giving us 48 
orderings in this case. 

Subcase 4ii : The seven smallest variables are Xi, X 2 , X 3 , X 7 , X 5 , X& and X 8 . 

This calculation is quite similar to the previous one until it reaches the integral with inte- 



grand ^[^f — J^-]- Subsequent integrands are: 



1 

32 



X 1 



5x 8 k 



14 168x 8 



1 

32 



The remaining integrations bring us to 



^8 

112 

85 
12-12! ' 



5x1 



1512x 8 



; and 



1792 



17xj 
54 
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There are 3! orderings of the remaining variables, k may be either 4 or 6, and X 3 and X 7 
can again be reversed, giving us a total of 24 orderings in this subcase. 

Subcase 4iii : The seven smallest variables are X 1; X 2 , X 3 , X 7 , X 4 , X 5 and X 8 . 

The first integration is similar to the first integration in Subcase 4i, and we proceed from 
there, via the following integrands: 



x\ 



x\ 



X A 



12 14x« 



A&x\ 



+ 



Xa 



2Ax 8 x b 

785 



12096 



29x\ 



13*jj 

^8 



157a:| 
870912' 



The remaining integrations bring us to 1()s . |9! ■ 

There are 3! orderings of the remaining variables, and X3 and X7 can be again be switched, 
giving 12 orderings in this subcase. 

Subcase 4iv : The seven smallest variables are X 1; X 2 , X 3 , X 4 , X 7 , X 5 and X 8 . Unlike the 
previous cases, we have Xj = X 4 , so we restart with just the inner 3 integrals evaluated at 
the top of the section: 



Jo 



X ; . 



X T 



■I I 



1 r 1 r Xi w r Xi 9 
SOJo Jo Jo 



540 



Jo 



Xft 



Xj_ 

2 

.L 7 



2C <j 

2x~ 8 

7 

' 2x~* 



JL"j Ju *j 

6x1 3x 8 x 5 



dx4dx 7 dx 5 dx 8 dxi 8 dx iq dx. 



HO 



x 7 



-\ + - Xj ) dx 7 dx 5 dx 8 da;j 8 dxj 9 dxi 10 

K)Xi 3X8^5 / 



xg 



Wxl 



llxf 

16x 8 



540 



Jo 



' 2 <l 



*s 103x 



dx%dx is dxi 9 dx 



dx 5 dx 8 dx i8 dx ig dx il0 
103 • 8! 206 



1008 "" "'" "'' """ 544320 • 12! 27 • 12!' 
There are 3! orderings of the remaining variables, and X 3 cannot be interchanged with X 7 
due to the interceding X 4 . 

Subcase 4v : The eight smallest variables are Xi, X 2 , X 3 , X 7 , X 5 , X fc , X; and X 8 . 



This follows Subcase 4ii until we arrive at integrand ^ 
integrands 



5z| 



14 



168:r 8 



We continue through 



1 

32 



x, 



5xf 



112 



and 



96768 



1512a; 8 _ 

and eventually to 15 4 12 , . 

There are two orderings of the remaining variables, (k, I) can be (4, 6) or (6, 4) and X 3 and 
X 7 may be reversed, giving a total of 8 orderings in this subcase. 

Subcase 4vi : The eight smallest variables are Xi, X 2 , X 3 , X 7 , X 4 , X 5 , X 6 and X 8 . 



This follows Subcase 4iii until we arrive at the integrand 12 q 96 
integrations bring integrands: 



29x 7 5 



13x 8 5 
xs 



Two more 



12096 



29^ 



13x1 
9x 8 



and 



12096 



31x1 
120 



Continuing we get There are two orderings of the remaining variables, and X 3 and X 7 
can be reversed, giving a total of 4 orderings in this subcase. 

Subcase 4vii : The eight smallest variables are X l5 X 2 , X 3 , X 4 , X 7 , X 5 , X 6 and X 8 . 
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This follows Subcase 4iv until we arrive at the integrand ^ 
see: 

„8 nJ 



lOxl _ llaj| 
7 16xg 



Continuing, we 



1 

540 



I0x% llxl 



56 144x 8 





"123x1" 


and 


540 


_10080_ 



on our way to - In this subcase, X 3 and X 7 cannot be interchanged, and there are 2 
orderings of the remaining 2 variables. 

This completes Case 4, which contains the remaining 104 possible orderings of the variables, 
and the terms in (j3j) corresponding to these orderings of the variables have total weight per 
symmetry class of 

Summing over the four cases, the contributions of ffrj|f> f^r an d fffr respectively, 

give a total of 1 ° 7 1 7 2 ^ 3 summed over the 5040 symmetry class representatives in ([3]). Multiplying 
by the 720 symmetries of the variables, we find that Eu(5) = = 0.032396284271. 



As noted in Section 15.11 the computed value of Eu(5) is used in a lower bound for Eu(n) 
for n > 5. 

It is easy to compute the first few digits of this number by simulating the ten uniform random 
variables. A short MATLAB program sampled the ten variables 10 12 times and computed the 
minimum, the computed number agreed with our calculation to the 7th decimal place. While 
this number arises in a relatively simple way, we do not know of it arising in other places. 

Unfortunately, it would be much harder to use such a simulation to get approximate values 
of Eu(6) or Eu(7). The proof method used above for K 5 does not generalize to K$ or K 7 either. 
To simulate Eu(6) we would need to catalogue the minimal ways of drawing K 6 , i.e. drawings 
T> for which X(D) is inclusion-wise minimal. 

4. Other distributions and moments 

For some other very simple discrete probability distributions, it is possible to compute the 
expected crossing number exactly. Here we do this for the simplest example and conclude 
that the first two moments of the distribution do not determine the expectation. 

Consider for < t < u, the discrete distribution where edges have weight t or u with 
probability |. Let Edisc(n, t, u) be the expected weighted crossing number of K n with the 
distribution for given t, u; if the parameter u is omitted we will assume it is 1 — t. Then it is 
easy to see that 

{t 2 if there is a pair of non-adjacent edges of weight t 
u 2 if all edges have weight u 
tu otherwise. 

All 2 10 possible assignments of t's and w's to the edges are equally likely. There is only one 
way for all edges to have weight u. Otherwise, if we do not have two non-adjacent edges of 
weight t, we must either have all edges of weight t incident with a single vertex, or three edges 
forming a triangle. In the former situation, we may have one edge (10 assignments), two edges 
(30 assignments), three edges (20 assignments) or four edges (5 assignments). For the triangles, 
we have 10 more assignments. The remaining 948 assignments of fs and it's to the edges have 
a pair of non-adjacent edges of weight t. Therefore, Edisc(5, t, u) = YolM(948t 2 + 75tu + u 2 ), 
which simplifies to Edisc(5, t) = j^2i(874:t 2 + 73t + 1) when u — 1 — t. 

The mean and variance of the considered discrete distribution are and ^ U ~P , respec- 
tively. If we take u = 1 — t, then the mean is ^ matching the the mean of the uniform 
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distribution, while the variance is ^ ^ . Since the variance of the uniform case is ^, by 

choosing t = 3 ~g , we get a distribution that matches the uniform distribution in its first two 
moments. However the above calculation shows that 

Edisc(5, = 1973 ~ 947 ^ w 05416 > Eu(5) . 

6 6144 

We conclude that the first two moments of the input distribution on the edges are not 
sufficient to determine the expected crossing number. We believe that a constant number of 
higher moments is not sufficient either. Perhaps, up to (™) moments are required. 

5. ASYMPTOTICS 

Some standard arguments used for crossing number estimates work also for the expectations. 
In this section we show that simple adaptations of these arguments show that Eu(n) is B(n 4 ). 
Since cr(K n ) is 0(n 4 ) and an upper bound for Eu(n), we need only show the lower bound. We 
remark that the asymptotic upper bound cr(K n ) can be obtained trivially from the fact that 
there are only 0(n 4 ) pairs of edges in K n , but that much better constructive upper bounds 
exist and are an ongoing research challenge, see for instance [AAK06} IPR07] . 

5.1. Asymptotics via a recurrence. We recall that we denote the crossing weight of a 
given drawing T> of a graph weighted by w as cr(X>, w), and the weighted crossing number of 
G weighted by w (i.e. the minimum over all drawings) by cr(G, w). 

Given a drawing T> of K„ with weights w, we can consider the induced drawings of copies 
of K n — v ~ K n _i obtained by removing each vertex v G V = V(K n ) from K n in turn. Then 

crC^k -v, w\ Kn - v ) = {n - 4) cr{V, w) (4) 

since each pair of disjoint edges ij, i'j' of K n appear in all but four of the terms on the left 
side of (0J. 

Now consider K n for n > 4 with a fixed weighting w. There is some optimal drawing T>* of 
K n such that cr(K n ,w) = cr(V*,w). Now: 



cr(K n ,w) = cr(V*,w) = V]cr(D*| KB -«, w\ K , 



n - 4 

vdV 

> j^™jncT(V\ Kn - v ,w\ Kn - v ) = — Vcr(K n -w,w| Kn -„). 

n — 4 z — 4 t> n — 4 L — ' 

If the weights in w are i.i.d. random variables, we can take expectations on both sides to 
get Eu(n) > Eu(n — 1). Applying this inequality recursively, we find for n > 6 that 

Eu(n)>i© Eu(5). 

5.2. Asymptotics via the Crossing Lemma. The following result, known as the Crossing 
Lemma, was proved independently by Ajtai et al. [ACNS82] and Leighton [Lei84j . The version 
given below (with the specific constant 1024/31827 > 0.032) is due to Pach et al. [PRTT06j . 

Theorem 5.1 (Crossing Lemma). Let G be a graph of order n with m > edges. Then 



cr(G) > 



16 

1024 m 3 



31827 n 2 
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Let 7i be a probability distribution with expectation E(7r) = fi. We define the complementary 
probability distribution n* by setting + x) — 7r(/x — x). For the purpose of the following 
argument, let us assume that our probability distribution is symmetric, i.e., n = it*. Then, 
given a random weight function w, the complementary weight function w*, defined as w*(e) = 
2/i — w(e), has the same distribution as w. Let us define w' to be either w or w*, so that 
w'(e) > jj, holds for at least half of the edges e G E(G). Finally, let ui\ be defined as w\{e) = 
if w'(e) < /i, and iui(e) = 1 if w'(e) > /i. Since cr(G, w) + cr(G, w*) > cr(G, w') > fi 2 cr(G, wi), 
the following holds: 

E(cr(G, w)) = \ E(cr(G, w) + cr(G, w*)) > \ E(cr(G, w')) 

^ fi 2 fi 2 1024 (m/2) 3 64/i 2 m 3 

This gives a version of the crossing lemma for expectations. With a little more care we can 
improve the above bound and also get rid of the symmetry condition. In order to do this, we 
replace the mean by the median, i.e. the largest number v such that Prob[w(e) >v\>\. 

Theorem 5.2 (Crossing Lemma for Expectations). Let G be a graph of order n with m > 
i6(i-4- 2 /3) n e( ^9 es - Suppose that each edge e G E{G) gets a random weight w(e), where the 
weights of distinct edges are independent non-negative random variables (not necessarily i.d.) 
whose median is at least v > 0. Then 

w xx 128z/ 2 m 3 

Proof. Given w, we introduce related weights w" and w-i in a similar (but not identical) way 
as above: we let w"(e) — if w(e) < u, and w"(e) — v if w(e) > v\ we let W2(e) = w"(e)/u 
be the corresponding weight with values and 1. Note that Prob[w"(e) — v\ > \ and 
Prob[w2(e) — 1] > |. Similarly as before, we have cr(G, w) > cr(G,t(7 // ) = z/ 2 cr(G, w 2 ). 

Note that w determines a spanning subgraph F w C G, whose edges are those edges of G for 
which W2(e) = 1. The graph F w is a random subgraph of G, and for each spanning subgraph 
F of G we let Prob(F) be the probability that F = F w . We will need a lower bound for the 
sum Y2 CT {E)Prob(F) taken over all (spanning) FCG. To do this, let us define F 1 C F as 
the spanning subgraph of G such that e G E(F') if u>(e) > z/ e > u, where v e is the median 
of the random variable w(e). The threshold case when w(e) = u e is to be considered so that 
Prob[e G E(F')] = \. Then F' is also a random spanning subgraph of G and Prob(F') = 2~ m . 
Since the event that an edge e is in F' is contained in the event that e G E(F), we have for 
each F 

Prob(F) = a(F,F')Prob(F'), 

F'CF 

where a(F, F') > is the probability that we have F w — F under the condition that F' is 
given. Clearly, J2 FDF , a(F, F') = 1 for every fixed F'. Since cr(F') is an increasing function, 
we have: 



cx{F)Prob{F) = cr ( F ) Yl F ') Prob ( F> ) 

<?CG F'CF 

ci(F')Prob{F') a ( F , F ') 

T'CG FDF' 

ci(F')Prob{F') = 2~ m cr(F'). 



FCG FCG F'CF 

> 



F'CG F'CG 
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We will employ another notion: 

X(k,n) = min{cr(F) | \V(F)\ = n, \E(F)\ = k}. 

By the Crossing Lemma, \(k,n) > if k > ^jf-n. Using the introduced quantities, we 

obtain the following estimate: 

E[ct(G,w)} = / cv(G,w)dw> cr(C7, w')dw = v 2 i cr(G,wi)ck; 
Jr e Jr e Jr e 



> v 2 



J2 ci(F)Prob(F) > v 2 J2 2 _m cr(F') 



> 



FCG F'CG 
m 

k=0 FCG,\E(F)\=k 



m / \ 
u— n \ / 



> 



fc=0 

1024z/ 2 x - / /// 



E 



31827 -2 m n 2 ^ \k 

fc=ri03n/16l 



Note that we have k 3 + (m — A;) 3 > \rv? for < k < m, and that for k < 103n/16, we have 
(m - A;) 3 > (m - 103n/16) 3 > (m - (1 - 4~ 1 /3) m )3 = i m 3 Thug; 



E (;> J ^E(T)x=r''« 3 



fe=ri03n/16] x 7 k=0 

The above inequalities imply: 

1024z/ 2 l„ m 3 128z/ 2 -m 3 



E[cr(G»] > -2 m m 



31827 -2 m n 2 8 31827 ■ n 2 

which we were to prove. □ 
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